For nonlinear affine in the control systems with nonzero drift term, a Lie algebraic sufficient condition for sampled-data feedback semi-global stabilization is presented. We apply this result, to derive sufficient conditions for sampleddata feedback stabilization for three-dimensional affine in the control systems.
I. INTRODUCTION
The probelm of stabilization of nonlinear systemṡ
by means of sampled-data and hybrid feedback control has been extensively studied in the recent literature (see for instance [1] , [2] , [4] - [8] , [10] - [15] , [17] , [20] and relative references therein). In [22] , the concept of Weak Global Asymptotic Stabilization by Sampled-Data Feedback (SDF-WGAS) is introduced for autonomous systems (1.1) and a Lyapunov-like sufficient characterization of this property is derived. In [23, Proposition 2], a Lie algebraic sufficient condition for SDF-WGAS is established for the case of affine in the control single-input systems with nonzero drift term:
The presice statement of this result is the following: Assume that f, g ∈ C 2 and there exists a C 2 , positive definite and proper function V : R n → R + such that the following implication holds:
Then system (1.2) is SDF-WGAS. Condition (1.3) is an extension of the well-known "Artstein-Sontag" sufficient condition for asymptotic stabilization of systems (1.2) by means of an almost smooth feedback; (see [3] , [19] and [21] ). The present work contains some new results from [24] (Proposition 2 and 3) that constitute extensions of those II. DEFINITIONS AND RESULTS Consider system (1.1) and assume that f : R n ×R m → R n is Lipschitz continuous. We denote by x(·) = x(·, s, x 0 , u) the trajectory of (1.1) with initial condition x(s, s, x 0 , u) = x 0 ∈ R n corresponding to certain measurable and locally essentially bounded control u : [s, T max ) → R m , where T max = T max (s, x 0 , u) is the corresponding maximal existence time of the trajectory.
Definition 1: We say that system (1.1) is Weakly Globally Asymptotically Stabilizable by Sampled-Data Feedback (SDF-WGAS), if for any constant τ > 0 there exist mappings T : R n \{0} → R + \{0} satisfying
and k(t, x; x 0 ) : R + × R n × R n → R m such that for any fixed (x, x 0 ) ∈ R n × R n the map k(·, x; x 0 ) : R + → R m is measurable and locally essentially bounded and such that for every x 0 = 0 there exists a sequence of times
in such a way that the trajectory x(·) of the sampled-data closed loop system: 4) and the following properties:
where |x| denotes the Euclidean norm of the vector x.
Next, we give the Lyapunov characterization of SDF-WGAS proposed in [22] and [23] , that constitutes a generalization of the concept of the control Lyapunov function (see Definition 5.7.1 in [18] ).
Assumption 1: There exist a positive definite C 0 function V : R n → R + and a function a ∈ K (namely, a(·) is continuous, strictly increasing with a(0) = 0) such that for every ξ > 0 and x 0 = 0 there exists a constant ε = ε(x 0 ) ∈ (0, ξ] and a measurable and locally essentially bounded control u(·, x 0 ) :
The following Proposition is one of the main results in [22] . Proposition 1: Under Assumption 1, system (1.1) is SDF-WGAS.
We now present the concept of SDF-SGAS, which, as mentioned above, is a strong version of SDF-WGAS:
Definition 2: We say that system (1.1) is Semi-Globally Asymptotically Stabilizable by Sampled-Data Feedback (SDF-SGAS), if for every R > 0 and for any given partition of times It should be pointed out that, according to Definition 2, SDF-SGAS is stronger than the concept of sampleddata semi-global asymptotic stabilization adopted in earlier relative works in the literature, since the partition of times in (2.8) is arbitrary.
The proof of the following proposition is based on a generalization of the methodology applied in [22] and is one of the main results in [24] :
Proposition 2: Under Assumption 1, system (1.1) is SDF-SGAS and therefore SDF-WGAS.
We next present the statement of the central result of [24] , which provides a Lie algebraic sufficient condition for SDF-SGAS(WGAS) for the affine in the control single-input system (1.2) . In the sequel we assume that its dynamics f , g are smooth (C ∞ ). We denote by Lie{f, g} the Lie algebra generated by {f, g}. Also, let L 1 := span{f, g} and
As a consequence of Proposition 2 we get the following result that generalizes [23, Proposition 2]: Proposition 3: For the affine in the control case (1.2) assume that there exists a smooth function V : R n → R + , being positive definite and proper, such that for every x = 0, either (gV )(x) = 0, or one of the following properties hold:
or there exists an integer N = N (x) ≥ 1 such that
and in such a way that one of the following properties hold:
Then system (1.2) is SDF-SGAS and therefore SDF-WGAS.
For the particular case of N = 1, condition (2.14a) is equivalent to (gV )(x) = 0 and (f V )(x) = 0, the previous equality is equivalent to (2.14b) and obviously (2.16) is equivalent to ([f, g]V )(x) = 0. It turns out, according to the statement of Proposition 3, that, under (1.3), the system (1.2) is SDF-SGAS and therefore SDF-WGAS; the latter conclusion, namely, that (1.3) implies SDF-WGAS, is the precise statement of [23, Proposition 2] .
An interesting consequence of Proposition 3 concerning 3-dimensional systems (1.2) is the following result:
Corollary 1: Consider the 3-dimensional system (1.2) and assume that:
(II) There exists a smooth positive definite and proper function V :
and in such a way that, either (2.13) holds, or
Then the 3-dimensional system (1.2) is SDF-SGAS. Another interesting application of Proposition 3 concerns the sampled-data feedback stabilization problem of the following case of 3-dimensional systems: 
III. PROOFS
Outline of proof of Proposition 3: (As mentioned, the complete proof is found in [24] ) Let 0 = x 0 ∈ R n and suppose first that, either (gV )(x 0 ) = 0, or (2.13) is fulfilled, namely, (gV )(x 0 ) = 0 and (f V )(x 0 ) < 0. Then there exists a constant input u such that both (2.7a) and (2.7b) hold; particularly, for every sufficiently small ε > 0 we have:
Assume next that there exists an integer N = N (x 0 ) ≥ 1 satisfying (2.14), as well as one of the properties (P1), (P2), (P3), (P4) with x = x 0 . Then (2.14) implies:
In order to derive the desired conclusion, we proceed as follows. Define:
and let us denote by X t (z) and Y t (z) the trajectories of the systemsẋ = X(x) andẏ = Y (y), respectively, initiated at time t = 0 from some z ∈ R n . Also, for any constant ρ > 0 define:
and denote in the sequel by (ν) m(·), ν = 1, 2, ... its ν-time derivative. By taking into account (3.2)-(3.4) and exploiting the Campbell-Baker-Hausdorff formula for the right hand side map of (3.4a), together with an induction procedure, it can be shown that (1) m(0) = 0 (3.5a) and for every integer n ≥ 2, the n-time derivative From (3.9) we have:
Also, from (3.5b) and (3.7) it follows that r n = ν s=1 i s ∈ {1, 2, . . . , n − 2} and ν j=1 order {X,Y } A ij = r n + ν = n with ν ≥ 2 and therefore ν ≤ n − 1. By (3.5b)-(3.10) and the previous facts we get:
for n = 2, 3, ... and for certain smooth functions π k : R 2 × R n → R, k = 1, 2, . . . , n − 2 satisfying the following properties: For every x 0 ∈ R n , each map π k (α, β; x 0 ) : R 2 → R is a polynomial with respect to the first two variables in such a way that
Also, for each x 0 ∈ R n there exist integers λ i , µ i , i = 1, 2, ..., L ∈ N with 1 ≤ λ i ≤ n − 2, 2 ≤ µ i ≤ n − 1 such that the map π 1 (α, β; x 0 ) : R 2 → R satisfies: π 1 (α, β; x 0 ) ∈ span α λ1 β µ1 , α λ2 β µ2 , ..., α λ L β µ L . The latter implies that for each fixed x 0 ∈ R n the polynomials π 1 (ρ, ρ + 1;
If we define:
the inclusion (3.11) is rewritten: where
and x(·, 0, x 0 , w(·; t, x 0 )) is the trajectory of (1.2) corresponding to the input w(·; t, x 0 ). Equivalently:
(3.20) hence, we may pick sufficiently small ε > 0 in such a way that inequality in (3.20) holds for t := ε, namely,
with u(s, x 0 ) := w(s; ε 1+ρ , x 0 ), s ∈ (0, ε] and simultaneously V (x(s, 0, x 0 , u(·, x 0 ))) ≤ 2V (x 0 ), ∀s ∈ (0, ε] (3.21b)
We conclude, by (3.1) and (3.21) , that for every x 0 = 0 and ξ > 0, there exist ε = ε(x 0 ) ∈ (0, ξ] and a measurable and locally essentially bounded control u(·, x 0 ) : [0, ε] → R such that (2.7a) and (2.7b) hold with a(s) := 2s. Therefore, according to Proposition 2, (1.2) is SDF-SGAS. Proof of Corollary 1: First, by invoking assumptions (2.19) and (2.20) it follows that for every x = 0, either (gV )(x) = 0, or (gV )(x) = 0 (3.22) which in conjunction with (2.13) implies, according to Proposition 3, the desired statement. Consider next the case where both (2.21) and (3.22) are fulfilled. Then due to (2.19)-(2.21), we have:
We consider two cases. The first is ([f, g]V )(x) = 0, which in conjunction with (3.22) and (3.23a) assert that (2.14a) and (P4) hold with N = 1. The other case is
which in conjunction with (3.22) and (3.23a) assert that (2.14a), (2.14b) and (P4) are fulfilled with N = 2. We conclude, according to the statement of Proposition 3, that the 3-dimensional system (1.2) is SDF-SGAS.
Proof of Corollary 2:
We define:
(3.26) that due to (2.23) is positive definite and proper. According to the previous definitions, it follows that
) and for each integer k : 2 ≤ k ≤ L it holds: 
and for any integer k: 2 ≤ k ≤ L it holds:
It then follows by virtue of (3.25) and (3.26 ) that (f k V )(x) = 0, k = 1, 2, ... (3.31) therefore (2.14a) holds, and further, by invoking (2.23) and (3.29a) we have:
Then we may distinguish the following two cases: Case 1: x 2 = 0 with x 1 = 0 and x 3 = 0. 
for all x = (x 1 , x 2 , x 3 ) ∈ R 3 and for certain smooth functions C 1,k (·, ·, ·) and C 2,k (·, ·, ·) with We then may use the previous facts, together with (3.25)-(3.28) and an elementary induction procedure, in order to establish that for every integer k ∈ {1, ..., L − 1}, for which the inequality in (3.34) holds, there exist smooth functions Ξ i = Ξ i (x 1 , x 2 , x 3 ), i = 1, 2 in such a way that Ξ 1 (·, ·, 0) = 0 (3.37a) and (P2) hold with N = L. We conclude, that in both Cases 1 and 2, hypothesis of Proposition 3 is satisfied, therefore system (2.22) is SDF-SGAS.
IV. CONCLUSION AND EXTENSIONS
For affine in the control, single-input systems, a Lie algebraic sufficient condition for sampled-data feedback semiglobal stabilization is presented. This result is used for the derivation of sufficient conditions for sampled-data feedback stabilization for 3-dimensional affine in the control systems. Finally, we remark that the approach employed in the proof of Proposition 3 can be extended for the derivation of algebraic sufficient conditions for SDF-SGAS for general nonlinear systems (1.1), especially those whose dynamics are polynomials with respect to u. This will be a subject of future work.
